
Ericorder linear octyTheory



We will now consider second

order linear
ODEs of the form

az(x)y" + a , (x)y + a . (x)y = b(x)

Where ac(x) , a , (x) , a .
(x)
,
b(x) are

continuous on some
interval I.

For now we will assume that
an(x) to

for all X in
I

If az (x) = 0 at
some point x in I

then

[ "Singular point"
and that ]

you get a

needs other techniques
.

We may also include initial-value
constraints

(

y(x) = y- and y(x.) = Ye

whereXo is in the interval
I.



E: Consider the ODE

y" - 7y + 10y = 24ex (x)

on the interval I = (
- x, x)

Let note that fE2x SX

+Ge
* - is defined on

f(x) = c , e + Ge all of I

Where , a are any
constants.

We will now show thatf solves
(*) on I.

We have that
2x
*

+ Gef(x) = c , e + Ge

f(x) = 2 ,
ex +Se

*
+ Get

f"(x) = 4c ,
e + 25ce" +

be

Thus , plugging f
into the LHS of (A) gives

f"(x) - 7f(x) + 10 f(x)

=
44e* +25 + Sex

*

- 14c ,e= 35
*

- 42e

SX

+ 10c ,e + 10ke + 60e
Y

X
= 242



Thus
,
f solves (*) on I.

Now let's see if wa can
use f to get

a solution to the initial-value problem

y" - 7y + 10y = 24ex ] (** )
y'(0) = 6 , y(0) = 0

on the interval I = (
- x, x)

We know that f(x)
= c ,
e+ ce

*

+ Ge

solves y"- 7y' + loy = 24e*

Let's see if we can
find , so

that f'(d = 6 , f(0) = 0

6 =2 +Se + 6e
· f

0 = e + Ge + Je =
0 = f(o)

This gives

⑳



We get = --6 from ②.

Plug this into Q to get 0 = 272-61 + 5 .

So
,
12 = 32.

So, <
=
4.

Then, c
= - 4 - 6 = -10 .

Thus
,
f(x) = -10

+4e
*

+ 6x
solves

the initial-value
problem (**)

Summaryof the above
5XX

2X

The function f(x)
= <e +2 + be

is a solution to y"- zy' + 10y
= 2 ye

*

for any constants ,
2.

If we
further impose

the restriction

that y'Col = 6 and y(0) = 0
then

f(x) =-10
+ 4e + 6x

solves the
ODE .



For the remainder of the class we will

work on developing different methods
to

solve second order ODES .

Below we have a
theorem for linear

second order ODEs on when solutions

exist and
are unique.

Let I
be an interval.

Theorem :

a
,

(x) ,
a . (x) ,

b(x) be
-

Let ac(X),
and a(x) +

0

I

continuous
on

I .
If

all X
in thenfor
fixed point in I[X &

is a

blem

the initial-value
Pro

az(x)y" + a , (x)y
+ ao(x)y =

b(x)

/

y(xd = y0 /
Y(x) = 30

solution on I.
has a unique



We will begin
with solving the

homogeneous linear
second order

ODE

az(x)y" + a , (x)y
+ no(x)y = 0

To do this
we need

to learn
about

independence.
linear

-

Lef: Let
I be

an
interval.

Let fisfe
be functions,

defined on
I.

that f ,
and fu are nearly

We say

on
I if one

of them is

dependent-
-

on
I
,
that

a multiple
of the other

is if either

f(x) = c ,
f
,
(x) for all x

in E

2

or

f
,
(x) = Gf ,(x)

for all X
in F

where < , C
are

constants.



If no such constants exist,

then we say that f ,
and fe are

linearly independent on
I.

=
-2x : Let I

= ( - +, d .

-

Let f ,
(x) = x and f . (x)

=
- 5x?

Then f ,
and fe are

linearly dependent

on I
since

fz(x) =
- Sf

,
(x)

for all X
in I .

that
could say

Or You

f , (x)
=

- 5fz(x)

for all X
in I.



E: Let I = (- a , d) .

SX

Let f , (x) = e
* and f(x) = e.

We will show
that f , and
fe are

linearly independent on I.

We must show that fi,fe
are
not

multiples of each other on F.

case I : Let's
show that

fa is not

-

a multiple of f , on
F .

fu(x) = c ,
f
,
(x) for

all X in F.

Suppose
5X
=ce for all X in - x,b) .

Then, 2

So,

e
Thus,

1 = 4

e=



But this is a contradiction since

# e .
Thus

,
no such c

,
exists .

So , fz is
not a multiple of f , or

F.

case 2 : Can f ,
be a

multiple of fe on F ?

-

f
,
(x) = Cf - (x)

for all x in F .

Suppose
* for all X in C-0,

01
.

Then, ex=2

O
* X = 0

e = ce
S

So ,

=et
Then,

1 = C2

3 = Cz
- 3

But this
can't happen since I

e.

So
,
f

,
cannot be a multiple of fa.

By caseI
and case 2

we know
that

f
,
and fe are linearly independent on

F
.



We will now give a faster way
to

check for linear independence on

an interval I. It uses a method

called the Wronskian
(named after

Josef Wronski
1778-1853) .

-

f , and
fa be differentiable

Def : Let The
-

an interval
I.

functions
un

of f , and
fr is

the

Wrons
kinn
-

determinant
following

W(fis ful = fr fi
= fi(x(fi(x) - fi(x)f ,(x)I

f
,

fa I
~
otation for #determinant



E: The Wronskian of f
,
(x) = et,

fz(x) = e
SX

is 2x 5x

e

wie, ex= Sex I
= (eY(be

* ) - (e
*

) (2eY

= 3e7Y

Teorem: Let I be
an
interval . Let

fi , fu
be differentiable

on I .
If

the
Wronskian

Wifisful is net
the

zero function on
I
,
then f , and fe

are linearly independent
on I.

That is ,
if there exists -function

someXo in I
where

W(fisfal(xd#o ,
then

f
,
and fe are linearly Hi
l

independent.



Ex: Let I = ( - x, b) .

SX

Let f , (x)
= e, f , (x)

= e
.

Let's show that fo
andfo are linearly

independent.

Above we saw
that

7X

w(f , fal
= Be

Xo in I
= ( - y,d

We want to find
some

where W(f ,, fz)
= 3e7 Xo is not zero

Opi~N = zex

&

I-
For example at xo

= 0 we see that

W(fi , fu)(d) =3e7= 3 = 3 + 0

Thus by the previous theremSy

f
,
(x) =e and f(x)

= e

are linearly independent un I = ( - X, d)



JTheorem : CLinear, homogeneous, second order ODE
-

Let I be an interval .

Let ac(x) ,
a
,
(x)

,
ao(x) , b(x)

be

T Suppose a , (x) + 0
continuous on -

for all X in I .

Consider

az(x)y" + a , (x)y + ao(x)y
= O (***)

Suppose that[O f , (x) and fa(x) are linearly

independent un I S
and

I

both
⑧ f

,
(x) and fa(x)

are

solutions to (*** )

solution to (** ) is
Then every

form will⑳of the call this
-

Yu

yn= c ,
f
,
(x) + ( f(x)

· .Seneosthe =
0

for some
constants il

ODE



Ex: Let I = ( - +, x) .

5X

Let f , (x) = eY, fa(x)
= e.

We saw above that
f
,
and fa

are linearly independent on
I

.

Note that
f

,
and fe both solve

homogeneous,
linear,

second order ODE

the

y" - 7y + 10y = 0

Check :
2x

#x= ex, fi(x=
zeY, f,(x) = Ye

[-5X

S

firtfitlofz= 25e
_ 3Se

*

+ 10e
**
= 0

Therefore the general
solution to

y"-7y'tloy = 0
is

5X

Y = c
,
e + Cze



Now we look at the general second

order linear ODE.

rem: Let I be an interval .

Let az(x) ,
a
,
(x)

,
90(x) , b(x)

be continuous

on I. Suppose ac(X1 + 0
for all X in
I.

Consider

az(x)y" + a , (x)y + ao(x)y
= b(x)

Suppose that
f
,
and fe are

linearly
equ

independent solutions to
the humogeneous

az(x)y" + a , (x)y
+ a . (x)y

= 0

to[I . particular
solution

un

that Yp is a

= b(x)Suppose + a . (x)y"
+ (x)ya

az(x)y

um
I

. to
so lution b(x)

Then every (x)y + a . (x)y
=

11 + al Yp
az(x)] Yn -

is of the
form Tf(x) + yp (X)

= C
,
f
,
(x) +

+ Yp

stantsas



E: Consider the ODE

y" - 7y + 10y = 24ex

on the interval I = (
- x, x) SX

We saw earlier that f , (x)
= e
*
and fi(x) = e
to &

are linearly independent solutions
In is genera is
SOinteous=Ter

and so In = c , e2x +C

articular
Let Yp = Ge".

Then Yp is a p

solution
to y"-7y' + loy = 24e since :

Yo(x) = bex

Yp'(x) = Ge
*

X

Yp"(x) = Ge

Plugging up into
y"-7y' + loy =0

we see
it solves

24e
Y

-the equation:-
"
-
74'+ 10

Y

=24 + 10 = Ge - 42 +
60e = 24ex

Yp
theorems ,

every
solution to

Thus, by our

y" - 7y' + 10y
=
24eY

is of the
form

5X

f(x) = 2n + yp
= ce + Ge + Ge



#Wowour goal is to
answer these questions :

① How do we find two linearly independent

homogeneous equation

solutions
to the

az(x)y" + a ,
(x)y + a . (x)y

= 0

② How
do we find

a particular
solution

to

ac(x)y" + a , (x)y
+ a o (x(y

= b(x)

We will work on these problems over

the next
several lessons .



1I III 11
-

The following are proofs
of

*theoremsE-

some of the previous
-

for those that
are

interested.
-

-

We won't cover this
in class -

:)

You would
need#



Therem: Let
I be an

interval . Let

differentiable on I .
If

fi , fa
be

the
Wronskian

Wifisful is not[O at least one
point in Is

zero for

then fi and fz are linearly independent

un I.

proof : linearly dependent
un I

-

Suppose f ,
and fa are

both zero ,
where

2

Then there
exist ,

2 not

af , (x)
+ (fz(x) = 0

for all X in I.

Thus,

< fi(x) + xf(x)
= 0

for all X
in I .

) = 281

Since (i) # (8) we get that (h)

is not invertible
for each x in

F .

Thus ,
W(fisful(x) = 0 for

all X in
F.

#



Theorem : CLinear, homogeneous, second order ODE]
-

Let I be an interval .

Let az(x) ,
9
,
(x)

,
go(x) , b(x)

be

I
.
Suppose a(x) + 0

continuous on

for all X in I.

11
t a , (x)y + a.(x)y

= O (***)

Suppose thatconsideaendent
on to

and

incely[O f , (x) and fa(x) are-

both
⑧ f

,
(x) and fa(x)

are

solutions to (*** )

solution to (*** ) is
Then every

of the form later we6- will call

< f , (x)
+ ( f,(x) this In

for some
constants 1 C2

croof :
t

f , (x) +
xfz(x) will be

a

By linearity, a

solution to (
***) .

Since f , and fu are linearly
independent



on I , by the previous theorem there

exists t in 1 where W(fisfel(t) 0.

Let I be some solution of C***

Consider the system

c f . (t) + (
f
.
(t) = I(t)

cfi(A) +
fit) = #'It

solution

This system
will have

a unique

for ,
since

/

wifif)(t)
=li+ 0.

and define

Let YisEn be
the unique

solution

z(t) =c
fi(x) +

(fz(x) .

By the linearity
of (**

) We
know
I

satisfies (
***) .

Z also
satisfies

the

zIt) = I(t) ,
Z'lAl =I'lA)

initial conditions
Since I

satisfies the

from above.

initial
value problem , by

the

same

uniqueness theorem
we have

I(x) = z(X

for all X
in F



&rem : Let I be an interval .

Let az(x) ,
a
,
(x)

,
90(x) , b(x)

be continuous

on I. Suppose ac(X) + 0
for all X in I.

Consider

az(x)y" + a , (x)y + ao(x)y
= b(x)

linearly

Suppose that
f
,
and fa are

equ

independent solutions
= O

anly" + a ,
(x)yhomoge

s

to
solution

un
I .

that fo is
a particular

SupposeIaz(x)y" + a , (x)y + Go(x)y = b(x)

um
I

. to
so lution b(x)

Then every (x)y + a . (x)y
I

az(x)y" + al

is of the
form Yh

-

for some cons↳
-
proofi
fsolve an (x)y"+ a , (x)y + a , (x)y

= b(x) .

Let

f-fp will solve
the homogeneous[Iher , f-fp = cif ,

+ c tz for

C quation .

Hence

C C .

So
,
f =citefetfsome C


